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1 Introduction

In this note we sketch the proof of the Gaifman-Rowbottom theorem of 1965:

Theorem 1.1. Assume there is a measurable cardinal. Then |L ∩ P(ω)| = ω.

Our presentation follows notes of a course given by John Steel at UC Berkeley
on the Spring of 1999. The idea of the argument is simple: Let M be a countable
transitive model of enough set theory and assume that κ, U ∈ M are such that
M |=“U is a κ-complete nonprincipal ultrafilter on κ”.

We define an iteration of M as follows:

• At stage 0, M0 = M , U0 = U and κ0 = κ.

• At stage α+1, if it is well-founded, we build Ult(Mα, Uα) and let Mα+1 be
its transitive collapse, where the ultrapower is computed from the point
of view of Mα. Let jα,α+1 : Mα → Mα+1 be the ultrapower embedding.
Then set κα+1 = j(κα) and Uα+1 = j(Uα).

• At limit stages λ, if it is well-founded, we define Mλ as the direct limit of
the directed system of embeddings generated by (Mα, jα,α+1 :α < λ), set
κλ to be the image of the κα under this limit and Uλ to be the limit of
the Uα.

Imagine that the iteration is defined for at least ω1 + 1 many stages, and
consider Mω1 . Since κα = cp(jα,α+1) for all α < ω1, it follows that κ0 < κ1 <

. . . , and therefore ORDMω1 ≥ ω1. Since LMω1 = LORDMω1 ⊇ Lω1 , we have that
P(ω)L ⊂ Mω1 . Moreover, for any α < ω1 and any γ < κ0, (Vγ)Mα = (Vγ)Mα+1 .
In particular, P(ω)L ⊆ P(ω)Mω1 = P(ω)M0 , which is countable, and we are
done.

Hence, all that we need to do is to ensure that we can find an iterable M to
begin with. Some care in the choice of M is necessary, though. For example,
assume that there is a transitive set model of “ZFC+There is a measurable car-
dinal”. Then, by Shoenfield’s theorem, there is such a model M in L. Working
inside L, we could attempt to define the iteration of M . However, since P(ω)L

is uncountable in L, it follows that we must reach an illfounded stage at some
α ≤ ω1.
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It is here that we actually use the hypothesis that there is a measurable car-
dinal in V . We could start with some Hλ reflecting a sufficiently large fragment
of the theory of the universe to know, in particular, that there is a measurable
cardinal, and define M as the transitive collapse of a countable elementary sub-
structure of Hλ. The hope is that since M resembles the actual universe, then
it ought to be iterable. This is what we will show below.

2 Linear iterations

Let M be a transitive model of “ZFC−Power Set+Vκ+1 exists+U is a κ-complete
nonprincipal ultrafilter on κ” (we assume κ,U as part of the language). For
example, M = Hλ for some λ regular sufficiently large would work for appropri-
ately chosen κ,U ∈ Hλ. We define the internal ultrapower of M by U as usual,
letting Ult(M,U) be the class of equivalence classes of functions f : κ → M
such that f ∈ M , under the relation of taking the same values a.e. with respect
to U (and where these classes are formed using Scott’s trick, if M is a proper
class). M thinks that Ult(M, U) is well-founded, so it really is, by absoluteness
of well-foundedness. In what follows, unless otherwise explicitly stated, when-
ever a structure is well-founded, we identify it with its transitive collapse. We
also have an ultrapower embedding jU : M → Ult(M,U) and ÃLoś’s theorem
guarantees that this is an elementary embedding.

Notice that Ult(M,U) is well-founded even if, in V , U is not ω1-complete.
Continuing the example at the end of the previous section, it follows that if
M = M0 ∈ L then the first α such that Mα is ill-founded must be a limit
ordinal.

We define the (linear) iteration ((Mα, Uα) :α < θ) of M as above (θ is thus
an ordinal or even ORD, if it is an ordinal, it is the first stage such that the
model built at that stage is ill-founded). Along the way, we use the embeddings
jα,α+1 (for α + 1 < θ) to define a commuting system of elementary embeddings
jα,β : Mα → Mβ for all α ≤ β < θ. Here, jα,α = id for all α and jα,λ, for λ
limit, is the direct limit embedding—we are using direct limits in the category
theoretic sense, see [2] for a succinct description in the case that concerns us.
Briefly, for λ < θ limit, we define Nλ as follows: Define a thread to be a function
f (in V ) with domain λ\βf for some βf < λ, such that for all α < β in dom (f),
f(α) ∈ Mα and jα,β(f(α)) = f(β). Nλ is the collection of equivalence classes
of threads under the equivalence relation

f ∼ g iff ∀β ∈ dom (f) ∩ dom (g) (f(β) = g(β)) iff ∃β (f(β) = g(β)).

(In general contexts, where the embeddings jα,β are not necessarily elementary,
it is the weaker condition that is required.) For equivalence classes [f ], [g], set
[f ]∈̂[g] iff f(β) ∈ g(β) for all β ∈ dom (f) ∩ dom (g). If (Nλ, ∈̂) is well-founded,
we set Mλ to be its transitive collapse.

There is a more general notion of linear iteration than the one described
here, but this suffices for our purposes. Call M linearly iterable iff θ = ORD.
Call it α-linearly iterable iff θ ≥ α.

2



Theorem 2.1. For M as above, if ω1 ⊂ M then M is linearly iterable.

Proof. Let κ, U,M be as above. Notice that M is ω1 + 1-linearly iterable iff
it is ω1-linearly iterable. In effect, if the direct limit Nω1 of the models Mα,
α < ω1, is ill-founded, there is a decreasing sequence . . . ∈̂[f1]∈̂[f0] witnessing
this. But then, fixing representatives of these classes, there is some α < ω1 such
that α ∈ ⋂

n dom (fn), and this gives the contradiction · · · ∈ f1(α) ∈ f0(α).

Claim 2.2. M is linearly iterable iff for every countable transitive N and Ū ∈
N such that there is an elementary π : N → M with π(Ū) = U , N is ω1-iterable.

Proof. This is because of the following so-called shift lemma, which allows us
to embed the iteration of N into the iteration of M . The key idea is the simple
observation that if for some structure X and some transitive P , if j : X → P is
elementary, then X is well-founded.

Lemma 2.3. Assume (P, U) is α-linearly iterable, (Q, Ū) is transitive, π : Q →
P is elementary and π(Ū) = U . Then (Q, Ū) is α-linearly iterable.

Proof. Let π0 = π, P0 = P , Q0 = Q, etc. The idea is to notice that the
following diagram commutes and the πi are elementary where, for example,
π1([f ]Q0

Ū0
) = [π0(f)]P0

U0
. Here, [f ]SF denotes a typical element (the equivalence

class of some function f ∈ S) of the ultrapower Ult(S, F ). (For α limit, define
πα as the direct limit of the previous embeddings.)

Q0
π0−−−−→ P0

i0,1

y
yj0,1

Q1 −−−−→
π1

P1

i1,2

y
yj1,2

...
...

Since the Pγ , γ < α, are transitive, the Qγ (defined as the ultrapower
structures) are necessarily well-founded. ¤

This proves the (⇒) direction of the claim.
To prove the other direction, suppose (M, U) is not linearly iterable as wit-

nessed by I = ((Mβ , Uβ) :β < θ), i.e., the direct limit of I is ill-founded. By
reflection, we may assume that M0 is a set.

Let η be large enough that I ∈ Hη and Hη |=“The direct limit of I is ill-
founded”. Let σ : P → Hη be elementary, with P countable and σ((I,M0, U)) =
(I, M0, U). Now

P |= “I is an iteration of M0 with illfounded direct limit”;
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so by absoluteness, I is really an iteration of M0 of length some ordinal α ∈ P ,
so α < ω1, with ill-founded direct limit. But σ¹M0 : M0 → M is elementary,
π(U) = U , and (M0, U) is not ω1-iterable. ¤

Lemma 2.4. If κ is measurable and U is a κ-complete nonprincipal ultrafilter
on κ, then (V, U) is linearly iterable. In fact, if (M,U) |=“ZFC−Power Set+U
is a κ-complete nonprincipal ultrafilter on κ+Vκ+1 exists” and U is ω1-complete
(in V ) then M is linearly iterable.

Proof. We argue for V , but adapting the proof to the general case is straight-
forward. If (V, U) is not iterable, there is some regular λ sufficiently large such
that (Hλ, U) is not iterable. The cardinal λ is chosen here so the iterated ultra-
powers of Hλ (by U and its images) compute correctly the functions witnessing
the illfoundedness of some direct limit iteration of V . Let π : N → Hλ be ele-
mentary with N countable transitive, and for some Ū ∈ N , π(Ū) = U . We will
show that (N, U) is ω1-linearly iterable. This is a contradiction by the previous
result, and this concludes the proof.

Let ((Nα, Uα) :α < ω1) be the “iteration” of N , i.e., each Nα+1 is the
ultrapower of Nα by Uα. We must show the Nα are well-founded. It is here
that the main idea of the argument appears: It is enough to show that there is
a (single) transitive M such that each Nα elementary embeds into M .

In fact, we show that M = Hλ has this property. For this, we define embed-
dings πα : Nα → M such that πα = πα+1 ◦ jα,α+1 where jα,α+1 : Nα → Nα+1 is
the ultrapower map. This suffices, since the direct limit of structures embedding
into M must embed into M as well, and the corresponding maps will commute.
We start with π0 = π and explain how to define π1. It should be clear from the
construction how to continue.

It is easy to see that N1 = {j0,1(f)([id]) : f : κ → N0, f ∈ N0} where if κ is
such that U is a measure on κ (so κ = cp(j0,1)) then id : κ → κ is the identity
function id(α) = α for all α. In effect, any element of Ult(N0, U) is [f ]N0

U0
for

some f : κ → N0, f ∈ N0. But j0,1(x) = [cx] for each x, where cx is the function
with value constantly equal to x, so (by ÃLoś’s theorem) [f ]N0

U0
= j0,1(f)([id]).

It suffices to find an appropriate γ ∈ M and define π1 : N1 → M by

π1(j0,1(f)([id])) = π0(f)(γ).

It is easy to see that this will work, provided that it is well-defined. For this,
we finally use that U is ω1-complete: Let γ ∈ ⋂{X ∈ ran(π0) :X ∈ U}. This
is a countable intersection of sets in U , so it is nonempty, and γ exists. ¤

Corollary 2.5. If (M,U) |=“ZFC−Power Set+U is a κ-complete nonprincipal
ultrafilter on κ + Vκ+1 exists” then (M,U) |=“I am linearly iterable”. ¤

We can now conclude the proof of the theorem: Assume ω1 ⊂ M . We
can use reflection and restrict to a suitable initial segment of M , so we can
assume M is a set and there are Skolem functions for M , so we can, using these

4



Skolem functions, define an ω-tree T of attempts to build a counterexample to
iterability, i.e., any infinite branch through T would code a countable model N
that elementary embeds into M (it is here that we use the Skolem functions)
and an iteration of N of countable (in V ) length with ill-founded limit. Call
TM the version of this tree built inside M . Since ω1 ⊂ M , TM = T (TM may
be a proper class from the point of view of M). But the corollary implies that
M |=“TM is well-founded”, so TM = T really is well-founded, and it follows
that M is linearly iterable in V . ¤

This concludes the proof of the Gaifman-Rowbottom theorem.

3 General Remarks

A couple of remarks are in order: It follows that we cannot in general relax the
condition that ω1 ⊂ M . In effect, if M ∈ L is a transitive model of “ZFC+There
is a measurable cardinal”, then M is α-iterable for α = ORDM but M is not ωL

1 -
iterable. On the other hand if, for example, there is a λ such that Vλ |=“There
is a measurable cardinal”, then for any α < ωL

1 , there is in L such an M with
ORDM > α.

It should also be mentioned that the existence of a measurable cardinal is
much more than necessary for Theorem 1.1. It suffices that there is an elemen-
tary j : L → L, i.e., that 0] exists.

The ideas behind this proof are very similar to arguments used by Woodin to
define the iterable structures that form the foundation of his Pmax forcing. They
are also behind his argument that the saturation of NSω1 “almost” implies ¬CH.
To say that NSω1 is saturated means that there is no sequence (Aα :α < ω2) of
stationary subsets of ω1 such that Aα∩Aβ is non-stationary for any α < β < ω2.
In forcing language, this says that P(ω1)/NSω1 is ω2-cc. Woodin showed that if
NSω1 is saturated and there is a measurable cardinal, then CH fails, see [3] for
details. The accepted wisdom is that large cardinal axioms should bear no effect
on the size of the continuum (formal statements of this belief are collectively
called the Levy-Solovay theorem), so this seems strong evidence for the claim
that the saturation of NSω1 implies the failure of CH. Natural strengthenings
of CH, like diamond, disprove the saturation of NSω1 : Let (Sα :α < ω1) be a
♦-sequence, so TA := {α < ω1 :A ∩ α = Sα} is stationary for any A ⊆ ω1.
Now let A 6= B. Then TA and TB are stationary, but if γ is least in A4B, then
TA ∩ TB ⊆ γ so this set is not only non-stationary but in fact it is bounded.
There are several known ways of producing models where NSω1 is stationary. In
one of them, we do not know how to compute the continuum. In all other such
models, CH fails. There are natural strengthenings of the notion of saturation.
For example, there is the notion of NSω1 being ω1-dense. This implies that
2ℵ0 = 2ℵ1 .

5



References

[1] A. Caicedo. An introduction to inner model theory, in preparation.

[2] A. Kanamori. The higher infinite. Large cardinals in set theory
from their beginnings, Springer (1994).

[3] H. Woodin. The axiom of determinacy, forcing axioms, and the
nonstationary ideal, Walter de Gruyter (1999).

6


