
Math 117c - Homework 2

Instructor: Andrés Eduardo Caicedo

Due: April 17, 2007 at 2:30 pm.

This Homework is due either at the beginning of lecture, in my mail box
outside 253 Sloan, or in my office by Tuesday April 17 at 2:30 pm. Refer
to the grading policy for additional requirements.

Let me start by quoting W. Hodges on the topic of quantifier elimination
(Model Theory, CUP (1993), pg. 73.):

[It] is not intrinsically hard, but it does use up hours and paper.

1. Suppose A and B are two countable dense linearly ordered sets without
endpoints, both partitioned into classes P0, . . . , Pn−1 so that each class Pi

occurs densely in both orderings. Show that A is isomorphic to B.

[Hint: There are several ways of doing this. One way is trying to adapt
the back-and-forth game described in lecture. Feel free to use a different
approach if you prefer.]

2. Prove the following lemma, used in lecture to show that ACF admits
quantifier elimination: Let T be a theory in a language L. If for every
quantifier free θ(~u, v) there is a quantifier free formula ψ(~u) such that

T `∀~u (∃vθ(~u, v) ↔ ψ(~u))

then every formula ϕ(~v) (in language L) is provably equivalent in T to a
quantifier free formula.

3. In the empty language L = {} (whose only symbol is equality) let T =
Th(∅) be the set of validities. Show that T admits quantifier elimination.
You may use the fact, shown in lecture, that any sentence in this language
has finite or cofinite spectrum, where the spectrum of a sentence ϕ is the
set of n ∈ N such that ϕ has a model of size n.

4. If K is a class of L-structures and Φ is a set of L-formulas, we say that
Φ is an elimination set for K iff for every formula ϕ(~x) in L there is a
formula ϕ∗(~x) which is a boolean combination of formulas in Φ (i.e., made
up of these formulas by using conjunctions, disjunctions, negations), and
ϕ is equivalent to ϕ∗ in every structure in K.

Let L = {<} be the language whose only non-logical symbol is the binary
relation symbol <, and let K be the class of dense linear orderings. Let Φ
consists of formulas of L expressing each of the following:
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• There is a first element.

• There is a last element.

• x is the first element.

• y is the last element.

• x < y.

Show that Φ is an elimination set for K.
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