
Math 117c - Homework 5

Instructor: Andrés Eduardo Caicedo

Due: May 15, 2007 at 2:30 pm.

This Homework is due either at the beginning of lecture, in my mail box
outside 253 Sloan, or in my office by Tuesday May 15 at 2:30 pm. Refer to
the grading policy for additional requirements.

1. This exercise is about Büchi automata as opposed to (Rabin) tree au-
tomata. An automaton A is deterministic iff for every state s and every
symbol a ∈ Σ it admits precisely one transition (s, a, s′).

In the case of automata over finite words, every Büchi automaton is equiv-
alent to a deterministic one. The goal of this exercise is to show that this
is not the case in our setting of infinite words.

Let Σ = {0, 1} and let L be the ω-language consisting of all ω-words α
with only finitely many occurrences of 0 (so α ∈ L iff α = w_1ω where
w ∈ {0, 1}∗).

(a) Check that L is ω-regular. (You can use the results shown in class,
which actually make this trivial).

(b) Prove that L is not recognized by any deterministic Büchi automaton.

(c) Show that there is a deterministic Büchi automaton that recognizes
the complement of L. Thus, the ω-languages recognized by deter-
ministic automata are not closed under complements.

The goal of the rest of the homework and the next one is to prove the
Forgetful Determinacy Theorem (due to Gurevich and Harrington).

Theorem 1 (Forgetful determinacy for tree automata). If A is a Σ-tree au-
tomaton and F is a Σ-tree, one of the players (A or Pathfinder) has a winning
strategy in Γ(A,F ) that is forgetful in the sense that whenever p, q are positions
from which the winner moves,

LAR(p) = LAR(q),

and
Node(p)-residue of F = Node(q)-residue of F,

then f(p) = f(q).
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This will follow from a more general result, that in the form we will present
here is due to Zeitman (our presentation follows the book The Classical De-
cision Problem by Börger, Grädel and Gurevich, Springer (1997)).

We start by describing Graph Games.

Definition 2. Let MOV E be a finite alphabet. An arena A is a colored
bipartite multi-digraph in the following sense:

1. The vertices of A are divided into two disjoint sets, east vertices and
west vertices. There are no edges between east vertices or between west
vertices. There may be several edges between an east and a west vertices,
or between a west and an east vertices (so edges have directions, which is
why we call the object a digraph, and there may be several edges between
the same vertices, which is why we call it a multi-digraph).

2. There is a distinguished vertex, the start vertex. Every vertex is reachable
from the start vertex (i.e., for any v there is a finite sequence v0, . . . , vn

where v0 is the start vertex, vn = v and for each i < n there is an edge
going from vi to vi+1). Any vertex has at least one outgoing edge.

3. The edges are labeled by elements of MOV E in such a way that no two
outgoing edges from the same vertex have the same label.

4. There is a finite set S of colors that partition the set of vertices. We
denote by Cs the vertices with color s.

Definition 3. A game on A is played between two players 0 and 1 who alter-
nate choosing an outgoing edge from the current vertex, starting from the start
vertex. So a play of the game defines an infinite path through A (we allow for the
possibility of revisiting vertices). A position p is a finite directed path through
A from the start vertex, so it is uniquely described by a word in MOV E∗, with
which we identify p. Given a position p, the labels of the edges leading out
of the last vertex of p are the possible moves at p. A play is an ω-sequence
P ∈ MOV Eω such that each initial segment is a position. The set of plays over
A is PLAY (A).

A graph game is a triple Γ = (A, ε, Wε) where A is an arena, ε ∈ {0, 1}
(denoting the player that goes first) and Wε, the winning set for player ε, is a
Boolean combination of the sets [Cs] where [Cs] is the set of plays that infinitely
often pass through a vertex of color s.

Player ε wins a play P of Γ iff P ∈ Wε. Otherwise, player 1 − ε wins the
play P .

Notice that if the start vertex is an east (resp., a west) vertex then, playing
Γ, player ε’s turns to move are always at east (resp., west) vertices. Call the set
of these vertices Vε and the set of remaining vertices V1−ε.

Definition 4. A forgetful strategy f for player δ ∈ {0, 1} in Γ is a function
f : Vδ → P(MOV E) that to each v ∈ Vδ assigns a non-empty set of possible
moves from v. (The strategy is forgetful since it depends only on v and not on
how v was reached.)
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Definition 5. The latest appearance record LAR(p) of a position p is an ordering
of the colors. We define LAR inductively, with LAR(start) being an ordering
whose last color is that of the start vertex. If a position q is obtained from a
position p by adjoining an edge to a vertex of color s, then LAR(q) is obtained
from LAR(p) by moving s to the last place. The coloring of an arena A is
forgetful is any two positions at the same vertex have the same LAR, in which
case we can simply talk of the LAR at a vertex v (rather than at a position p
whos elast vertex is v).

What we will actually show is the following:

Theorem 6 (Forgetful determinacy). Let Γ = (A, ε, Wε) be a graph game with
a forgetful coloring of the arena A. Then one of the players has a forgetful
winning strategy in Γ.

We start by showing that the Forgetful determinacy theorem implies For-
getful determinacy for tree automata.

For this, let Γ(A, F ) be a game on a Σ-tree F between a Σ-tree automaton
A and Pathfinder. Define from this a graph game whose alphabet consists of
the states of A and names for the two directions left and right. (So A starts the
game and chooses a state according to its initial table, Pathfinder responds by
choosing the name of a direction, then A chooses a state, etc.)

All positions p where A makes a move have the same default color. If A
chooses a state s at p then the color of position ps is s. (Convince yourself that
this coloring is forgetful.)

We need to argue that either A or Pathfinder has a forgetful winning strategy
in Γ(A,F ).

2. Define an equivalence relation on the vertices of an arbitrary graph game
Γ = (A, ε, Wε) where the arena A has a forgetful coloring as follows: v ∼ w
iff

(a) v and w are both east vertices or both are west vertices,

(b) LAR(v) = LAR(w),

(c) The same sequences of moves are possible from v and w, and

(d) For any color s, the same sequences of moves lead from v or from w
to Cs.

∼ is obviously an equivalence relation. Show that if v ∼ w then for all s,
v ∈ Cs iff w ∈ Cs.

Show also that if v ∼ s and there is an edge labeled by µ from v to a
vertex v′ then there is an edge labeled by µ from w to a vertex w′ such
that w ∼ w′.

3. Consider the following strengthening of the Forgetful determinacy theo-
rem:
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Theorem 7 (Strong forgetful determinacy). Let Γ = (A, ε, Wε) be a graph
game in which the coloring of A is forgetful. Then one of the players has
a forgetful strategy f winning Γ such that f(v) = f(w) for all vertices v, w
with v ∼ w.

Argue that the Forgetful determinacy theorem for tree automata is a par-
ticular case of this result.

Deduce the Strong forgetful determinacy theorem from the Forgetful de-
terminacy theorem by considering the factor game Γ/ ∼= (A/ ∼, ε, Wε)
defined in the obvious way (so there is an edge labeled by µ from the
∼-class [v] to the ∼-class w iff there is in A an edge labeled µ from some
element of [v] to some element of [w]). Check that it makes sense to say
that a vertex [v] is east (resp. west) iff there is at least one vertex in [v]
that is east (resp. west); to say that this makes sense means that each [v]
is assigned to exactly one of east and west. Similarly, show that it makes
sense to say that a vertex [v] has color s iff there is at least one vertex in
v with color s.

Check the following (obvious) properties of this quotient: If p is a position
that ends at v in A, then p is a position that ends at [v] in A/ ∼. Also,
PLAY (A) = PLAY (A/ ∼). Also, the set [Cs] is the same for both A
and A/ ∼ and therefore Wε also coincides. Also, the coloring of A/ ∼ is
forgetful.

Using Forgetful determinacy, let g be a forgetful winning strategy for
one of the players in Γ/ ∼. Define from g a forgetful strategy f that
is winning for the same player in Γ and satisfies the requirement of the
Strong forgetful determinacy theorem.

Now we start to work towards the Forgetful determinacy theorem. Let δ ∈
{0, 1}. Let f be a forgetful strategy for δ and g a forgetful strategy for 1 − δ;
our strategies here are non-deterministic (i.e., they may give us a set of possible
moves rather than just one). (Convince yourself that) obviously, if there is a
non-deterministic winning strategy for player δ in a graph game Γ, then there
is a deterministic winning strategy for δ in Γ, so it suffices to consider non-
deterministic ones.

Definition 8. A play P is consistent with f and g after position p = µ0 . . . µn

iff every position pm = µ0 . . . µm in P , m ≥ n satisfies that µm+1 ∈ f(v) if
v ∈ Vδ and µm+1 ∈ g(v) if v ∈ V1−δ, where v is the last vertex of pm.

Say that f wins Γ from vertex v against g iff for all positions p that end at
v, all plays consistent with f and g after p are in Wδ. Say that f wins Γ for δ
iff f wins Γ from the start vertex against the strategy for 1− δ that allows any
possible move at each vertex in V1−δ.

A strategy f ′ for δ is a refinement of f iff f ′(v) ⊆ f(v) for all v ∈ Vδ.
The set Win(Γ, δ, f/g) of winning vertices for δ with restrictions f and g is

the set of vertices v such that δ has a refinement of f that wins Γ from v against
g.
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4. Show that playing a winning refinement against g from a vertex in Win(Γ, δ, f/g)
keeps the play within the set of winning vertices.

Finally, the statement we will actually prove is the following:

Theorem 9. Let Γ = (A, ε, Wε) be a graph game with a forgetful coloring. Let
f , g be forgetful strategies for δ, 1−δ, resp., in Γ. Then δ has a refinement of f
that wins against g at every vertex in Win(Γ, δ, f/g) and 1− δ has a refinement
of g that wins against f at every vertex in Win(Γ, 1− δ, g/f). Moreover, every
vertex of A is in either Win(Γ, δ, f/g) or in Win(Γ, 1− δ, g/f).

5. Deduce the Forgetful determinacy theorem from Theorem 9.

Next homework will be devoted to a proof of Theorem 9.
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