
Lecture 1

(The material on mathematical logic is covered in the textbook starting with Chapter
5; however, for the first few lectures, I will be providing some required background
topics and will not be following the book. There are several references that you
may find useful. For example, Kaye, Richard. The mathematics of logic, Cambridge
University Press (2007). I am also making use of a set of notes originally developed
by Alexander Kechris for the course Math 6c at Caltech.)

1 Notation

We begin by describing some notation and conventions we will need throughout the
course.

N = {0, 1, . . . }. In set theory, it is customary to denote N by ω.

A sequence is a function whose domain is either N or an initial segment of N (possibly
empty).

We identify natural numbers with their set of predecessors. So, if we say, for example,
that a sequence has domain n ∈ N, what we mean is that its domain is {0, 1, . . . , n−1}.
If we say that i ∈ k what we mean is that i < k.

The length lh(s) of a sequence s is its domain if it is finite, and ∞ if it is N.

We usually represent sequences as ordered tuples. Thus if s is a sequence with domain
k, we will write

(s(0), s(1), . . . , s(k − 1))

for s. We will usually write si rather than s(i), and omit parentheses and commas if
there is no danger of ambiguity, so the sequence above can also be written as

s0s1 . . . sk−1.

The concatenation of two sequences s and t, where s is finite, is the sequence s_t
defined as follows: Let n = dom(s) and M = dom(t). Then s_t is the sequence l
that has domain n+M (if M = N then this is just N) and is given by:

• l(i) = s(i) for i < n.

• l(i) = t(i− n) for n ≤ i, i ∈ n+M .

We may write st for s_t and si for s_(i) if s and t are sequences and i is some object.

A tree T is a set of finite sequences with the property that whenever s ∈ T and
n < lh(s), then s � n ∈ T .
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The typical example of a tree is the (full) binary tree, also called the Cantor tree,
2<N, consisting of all finite sequences of 0s and 1s.

Trees are partially ordered in a natural way: Given sequences s, t, write s v t to
indicate that s is an initial segment of t. The root of a tree is the empty sequence, ∅,
which is an initial segment of any element (node) of the tree. If s v t but s 6= t, we
write s @ t.

Typically, I will imagine trees as growing downward:

If s ∈ T , the successors of s are those t ∈ T such that s @ t. Its predecessors are those
t such that t @ s; these are just the sequences s � n for n < lh(s). The immediate
successors of s are the successors of s of length 1 + lh(s).

We can assign a stratification by levels to the tree T in a natural way; namely, the
nodes of tree of length n form the n-th level of T .
An infinite branch through a tree T is an infinite sequence s such that for all n,
s � n ∈ T . Intuitively, branches are paths through T . We denote by [T ] the set of all
infinite branches through T . Thus

[2<N] = 2N

is the set of all infinite sequences of 0s and 1s.

This is usually called the Cantor set, since it can be naturally identified with Cantor’s
ternary subset of [0, 1]. In fact, this identification is a homeomorphism, when we give
{0, 1} the discrete topology and {0, 1}N the product topology. Recall that in this
topology a basic open set is one of the form

Ns = {x ∈ 2N | s @ x}

for s ∈ 2<N.

2 König’s lemma

A tree is infinite iff it has infinitely many nodes. It is finite branching iff each node
has only finitely many immediate successors.
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König’s lemma is a very powerful tool that allows us to relate infinite and finite
combinatorics, and we will use it frequently throughout the course. Its proof is
remarkably simple.

Lemma 1 (König) Let T be an infinite, finite branching tree. Then [T ] 6= ∅.

Proof: By induction, we will identify for each n ∈ N a node sn in level n of T in
such a way that

1. n < m implies that sn @ sm, and

2. The set of successors of sn is infinite.

Condition (1) above allows us to form the infinite sequence

s =
⋃
n

sn.

By construction, s ∈ [T ], and this will give us the result we want. Condition (2) is
used to ensure that we can keep the induction going.

At stage 0 we simply set s0 = ∅. By hypothesis, T is infinite, so condition (2) is
satisfied.

Suppose sn has been defined. Let t0, . . . , tk list all the immediate successors of sn.
There are finitely many of them since T is finite branching, and at least one, since
sn has infinitely many successors. Note also that a successor of sn is either a ti or a
successor of ti. It follows that for some i ≤ k, ti has infinitely many successors. Let
such ti be sn+1. This completes the induction. �

Exercise 1 Show that König’s lemma is false if we omit the assumption that T is
finite branching, even if we require that all levels of T be nonempty.

Here is an application: Define a domino system to be a finite set D of domino types,
i.e., unit squares (parallel to the axes) whose sides have been labeled. Note that we
require that D is finite as part of the definition.

For example, D could consist of the following domino types:
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A tiling by D of the plane, or of a finite or infinite subset S of the plane, consist of
a filling-in of the set S by dominoes of type in D so that adjacent dominoes have
matching labels (no rotations are allowed).

For example, the set D above can tile the plane by periodically repeating the pattern
below:

Theorem 2 For any domino system D, the following are equivalent:

1. D can tile the plane.

2. D can tile the upper right quadrant.

3. For each n = 1, 2, . . . , D can tile the n× n square.

Proof: Clearly, (1) implies (2), and (2) implies (3).

We prove that (3) implies (1). Consider a system D that can tile all finite squares.
Define a tree T as follows: At level 0 we have the empty sequence. At level n > 0,
we have all tilings D of the (2n− 1)× (2n− 1) square. Such a tiling is an immediate
successor of a tiling of the (2n − 3) × (2n − 3) square iff this smaller tiling occupies
the center of the larger one.

(It is straightforward to transform this labeling of nodes into a tree according to our
conventions.)

Note that T is infinite (by assumption (3)) and finite branching (since D is finite).
By König’s lemma, [T ] 6= ∅, i.e., we can tile the odd-length squares in such a way
that we can keep extending the tiling, thus covering the whole plane. This completes
the proof. �

The above is a typical application of König’s lemma. It allows us to replace an infinite
problem (tiling the plane) with a series of finite and, perhaps, more approachable,
problems. Other applications do the opposite: They allow us to extract information
about finite combinatorics from result about infinite objects. We will see a few more
examples next time, and throughout the course.
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Lecture 2

We continue with the example of domino systems.

Remark 3 There is no algorithm that determines whether a given D can tile the
plane or not.

Of course, for specific systems D, we usually can tell by ad hoc methods which one is
the case. What the remark above indicates is that there is no uniform way of doing
this.

Corollary 4 There is a system D that can tile the plane, but not periodically.

Proof: This is an example of a non-constructive proof. We will argue by contradic-
tion, so that at the end we will know that there is such a system D, but we will have
no information about what it looks like.

Assume that every system that can tile the plane, can tile it periodically. Our goal
is to build an algorithm that, given a system D, determines whether D can tile the
plane or not, contradicting the remark above.

Begin by enumerating all pairs (n,m) with n,m ≥ 1 as (ni,mi). For example, we can
set (n,m) = (ni,mi) iff i = 2n−1(2m− 1).

Since D is finite, we can produce a listing of all possible tilings by D of the n1 ×m1-
rectangle, then of all the tilings by D of the n2 ×m2-rectangle, and so on.

Each of these listings is finite, since D is. At stage i we look at the tilings of ni×mi.
If it happens that there are no tilings, then the algorithm stops and outputs NO. If
it happens that there is one such tiling that generates a periodic tiling of the plane,
then the algorithm stops and outputs YES. Otherwise, stage i ends, and we go to stage
i+ 1.

If D cannot tile the plane, then Theorem 2 gives us that D cannot tile some finite
square, so the algorithm will eventually stop, and output NO.

If D can tile the plane, our assumption is that it can do so periodically, and so the
algorithm will eventually stop, and output YES.

This shows that the algorithm always stops, and correctly identifies whether D tiles
the plane or not. This is a contradiction. �

A typical application of König’s lemma is in establishing compactness results.

Theorem 5 The interval [0, 1] is compact.
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Proof: Suppose a covering of [0, 1] by relatively open sets is given. We need to find
a finite subcovering.

There are only countably many rational numbers, so there are only countably many
intervals with rational endpoints. Any relatively open subset of [0, 1] is the union of
relatively open intervals with rational endpoints.

It then suffices to show that if [0, 1] is covered by relatively open intervals with rational
endpoints, then there is a finite subcovering. Say (ai, bi), i ∈ N, are the intervals that
form the covering; to ease notation, replace intervals of the form [0, a) with (−1, a),
intervals of the form (a, 1] with (a, 2), and [0, 1] with (−1, 2).

Define the dyadic intervals as those intervals of the form

I =

[
i

2n
,
i+ 1

2n

]
where 0 ≤ i < 2n. In this case, we say that I is a dyadic interval of level n.

We will show that for some n, each dyadic interval of level n is covered by some (ai, bi).
Otherwise, we can define a tree as follows: At level 1, we have [0, 1]. In general, at
level n + 1 we have a collection of dyadic intervals of level n, none of which can be
covered by some (ai, bi). Given such a dyadic interval I, its immediate successors are
those dyadic intervals of level n+ 1 that are contained in I (so there are at most two
of them) and such that they cannot be covered either by some (ai, bi).

Our assumption grants that, for all n, there is at least one dyadic interval of level n
in the tree, so all levels of the tree are nonempty, and the tree is infinite. It is clearly
finite branching so, by König’s lemma, it has an infinite branch. This corresponds to
a decreasing sequence

I0 ⊃ I1 ⊃ I2 ⊃ . . .

of dyadic intervals, none of which is covered by some (ai, bi). Moreover, Ik has length
2−k for each k.

It follows that
⋂

n In consists of exactly one point, let’s call it x. Since the (ai, bi) cover
[0, 1], there is some i such that x ∈ (ai, bi). But then Ik ⊂ (ai, bi) for any sufficiently
large k, and we have a contradiction. �

For our next example, define a graph G as a pair (V,G) where V is a set (of vertices)
and G is a collection of unordered pairs of elements of V. We refer to the elements of
G as the edges of G.
If k is a positive integer, a k-coloring of G is a function f : V → k such that whenever
v0, v1 ∈ V are distinct, and {v0, v1} ∈ G, then f(v0) 6= f(v1).

Exercise 2 Prove that a countable graph can be k-colored iff any finite subgraph can
be k-colored.
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This is true even for uncountable graphs, but something stronger than König’s lemma
is needed then. The celebrated four-color theorem of Appel and Haken states that any
planar graph is 4-colorable. This is usually presented with the additional restriction
that the graph is finite. Both versions are equivalent, by the remarks just mentioned.

The following exercise is from Kaye’s book mentioned above.

Exercise 3 Define a k-sequence as a sequence with range contained in k, i.e., a
sequence u0

_u1
_ . . . where each ui ∈ {0, . . . , k − 1}.

Such a sequence s is n-free iff there is no finite nonempty sequence x such that the
concatenation x_x_ . . ._x of n copies of x appears as a contiguous block in s.

1. Show that there is no infinite 2-free 2-sequence.

2. Use König’s lemma to show that there is an infinite 3-free 2-sequence iff there
are arbitrarily long finite 3-free 2-sequences.

Conclude the same about 2-free 3-sequences.

3. Let σ : 2<N → 2<N be given by σ(∅) = ∅, σ(0) = 0_1, σ(1) = 1_0, and
σ(u0 . . . um) = σ(u0)

_ . . ._σ(um).

Let σn(s) denote the n-th iterate of s, σn(s) = σ(. . . (σ(s)) . . . ) where there are
n occurrences of σ.

Show that σn(0) is 3-free for each n. Conclude that there is an infinite 3-free
2-sequence.

4. Show that there is an infinite 2-free 3-sequence.

In the examples above we have used König’s lemma to deduce infinitary results from
finite versions. The opposite is also possible. A typical and important example comes
from Ramsey theory.

Theorem 6 (Ramsey) Let G = (N, G) be a graph. Then there is an infinite X ⊆ N
such that either whenever a, b ∈ X and a 6= b, then {a, b} ∈ G, or else whenever
a, b ∈ X and a 6= b, then {a, b} /∈ G.

Put another way, any graph on N either contains a copy of the infinite complete
graph, or else it contains a copy of the infinite empty graph.

Proof: Let x0 = 0. Either there are infinitely many i > 0 such that {x0, i} ∈ G or
else there are infinitely many i > 0 such that {x0, i} /∈ G. Whichever the case is, let
A0 be the resulting infinite set and set x1 = min(A0).

Now repeat, with x1 in the role of x0 and A0 in the role of N : Either there are
infinitely many i > x1, i ∈ A0, such that {x1, i} ∈ G, or else there are infinitely many
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such i such that {x1, i} /∈ G. Let A1 be the resulting infinite set and set x1 = min(A1).
Continue this way.

This process generates a sequence x0 < x1 < . . . such that for all i, either:

• (0)i : For all k > i, {xi, xk} ∈ G, or else

• (1)i : For all k > i, {xi, xk} /∈ G.

There are only two cases, so for some j ∈ 2 there are infinitely many values of i such
that (j)i holds. Then

X = {xi : (j)i holds}

is as wanted. �

An immediate application of König’s lemma now gives us the following finitary result:

Corollary 7 For all n there is a number N such that whenever a graph has N or
more vertices, it contains either a copy of the empty graph on n vertices, or a copy
of the complete graph on n vertices.

Proof: Assume otherwise, and fix a counterexample n. Then, for each N, there is
at least a graph on N vertices with no copy of either the empty graph on n vertices
or the complete graph on n vertices. Put all these graphs in a tree by setting G as an
immediate successor of G ′ if G ′ can be obtained from G by removing one vertex (and
all the edges attached to it).

This is an infinite finite branching tree, so König’s lemma grants us the existence of
an infinite branch, i.e., a sequence G0,G1,G2, . . . of graphs such that, for all i:

1. Gi+1 is obtained from Gi by adding one vertex and some (maybe none) edges
between this vertex and old vertices from Gi, and

2. Gi has no copy of the empty graph on n vertices, and no copy of the complete
graph on n vertices.

Consider the graph G obtained by taking the union of the graphs in this sequence.
This is an infinite graph without a copy of either the empty or the complete graph
on n vertices.

But this is impossible, since Ramsey’s theorem tells us that, in fact, G has a copy of
the infinite empty graph, or the infinite complete graph. �

Corollary 7 can also be obtained by standard counting arguments. The disadvantage
of invoking König’s lemma (combinatorialists say “invoking compactness”) is that the
argument above gives us no clue as of how large N needs to be as a function of n.
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In a few special cases, a deep result from logic (Herbrand’s theorem) can be used to
extract such functions from uses of König’s lemma, but in general these arguments
are nonconstructive.
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