
187 §1 - DISCRETE MATHEMATICS -

Midterm 2

Instructor: Andrés E. Caicedo

March 23, 2010

Name

Answer on your blue book. Indicate clearly in each page the problem you are
working on. Make sure to show all your work. Do not skip any non-obvious
steps.

1. Let us say that two integers are near one another provided their difference
is 3 or smaller. For example, 2 is near 5, 10 is near 9, but −7 is not near
4. Let R stand for this is-near-to relation. Prove or disprove that R is
transitive.

2. Let X be a set and let A be the collection of finite subsets of X. Define a
relation R on A by setting

x R y ⇔ |x4y| is even.

Show that R is reflexive and symmetric.

3. Select the right answer, and justify your choice. Let P (n, m) be a property
about two integers n and m. If we want to prove that “For every integer
n, there exists an integer m such that P (n, m) is true”, then we should do
the following:

(a) Let n and m be arbitrary integers. Then show that P (n, m) is true.

(b) Find an integer n and an integer m such that P (n, m) is true.

(c) Let m be an arbitrary integer. Then find an integer n (possibly
depending on m) such that P (n, m) is true.

(d) Find an integer n such that P (n, m) is true for every integer m.

(e) Let n be an arbitrary integer. Then find an integer m (possibly
depending on n) such that P (n, m) is true.

(f) Find an integer m such that P (n, m) is true for every integer n.

(g) Show that whenever P (n, m) is true, then n and m are integers.

1



4. The following proof is wrong. Please carefully identify where the problem
is.

Theorem. All natural numbers are divisible by 3.

Proof. Suppose, for the sake of contradiction, that the statement is false.
Let X be the set of counterexamples, i.e., X = {x ∈ N | x is not divisible
by 3}. The supposition that the statement is false means that X 6= ∅. By
the well-ordering principle, X has a least element x.

Note that 0 /∈ X because 0 is divisible by 3. Similarly, x 6= 3.

Now consider x − 3. Since x − 3 < x, it is not a counterexample to the
statement. Therefore, x− 3 is divisible by 3; that is, there is an integer a
such that x − 3 = 3a. So x = 3a + 3 = 3(a + 1), and it follows that x is
divisible by 3, contradicting that x ∈ X.

The contradiction gives us that the statement is true, as we needed to
prove, and we are done. �

5. Prove by induction that, for all positive integers n, we have
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