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Abstract. Many Caculus students are well aware that differentiability of a function is a
stronger condition than continuity. However, what most calculus students are not aware
of is the fact that there exist functions that are continuous everywhere but differentiable
nowhere. In fact, the “typical” continuous function (in the sense of the Baire Category
Theorem) is nowhere differentiable. In this paper we will investigate a particular example
of this phenomenon, a function constructed by Georg Faber.

1. Introduction

1 Despite the fact that “most” continuous functions are nowhere differentiable, many
people are surprised when they hear of this result. In fact, many people are surprised that
there even exists a continuous and nowhere differentiable function, as the functions we usually
encounter are quite nice. It was not until Weierstrass presented his construction of such a
function in 1872 that it was widely known that this was possible. Before Weierstrass, there
had been a couple of other examples, but they were not published until after Weierstrass
told the world about his function.

Just looking continuous functions, one would imagine that continuous nowhere differen-
tiable functions have to be fairly odd in their construction. Of course, being odd makes
them also quite fascinating. Appropriately, other mathematicians throughout the last two
centuries have had their hand at constructing such functions. In this paper, we will look at
a particular construction due to Georg Faber.

2. Background

Before analyzing this function, we will first need to establish some background. I will
assume that the reader is familiar enough with numerical series and sequences to understand
uniform convergence and uniformly cauchy sequences. With that in mind, we will begin by
establishing some results about series and sequences of continuous functions as the function
we will examine is constructed via a series of continuous functions.

First, denote by C0([a, b]) the set of continuous functions f : [a, b] → R. Next, we define
the sup norm for f ∈ C0([a, b]) to be:

||f || = sup{|f(x)| : x ∈ [a, b]}
We will take for ganted that this is a norm on C0([a, b]), which means that (C0([a, b]), || · ||)
is in fact a metric space with the distance d(f, g) = ‖f − g‖. We will also take for granted
that this is a complete metric space which gives us that sequences converge if, and only if,
they are Cauchy. In particular, a sequence converges uniformly if, and only if, it is uniformly

1The work in this paper is based almost entirely on the work done by Thim in [2] .
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Cauchy.2 Now, we will prove some results about convergence of series and sequences of
functions, begining with the Weierstrass M-test.

Theorem 1. Let (fk)k∈N be a sequence of functions in C0([a, b]) such that ||fk|| ≤ Mk for
every k ∈ N. If

∑∞
k=1Mk converges to some finite M , then

∑∞
k=1 fk converges uniformly on

[a, b].

Proof. First, let m,n ∈ N be given and assume, without a loss of generality, that n > m.
Now, let (fk)k∈N be a sequence satisfying the hypotheses. In order to show that

∑
fk

converges uniformly, it will suffice to show that the sequence of partial sums is uniformly
cauchy. So, let Sn and Sm denote the nth and mth partials sums, we then use the triangle
inequality to get:

||Sn − Sm|| = ||
n∑

k=1

fk −
m∑
k=1

fk|| = ||
n∑

k=m+1

fk|| ≤
n∑

k=m+1

||fk||

However, by hypothesis, we have that:
n∑

k=m+1

||fk|| ≤
n∑

k=m+1

Mk =
n∑

k=1

Mk −
m∑
k=1

Mk

However, since
∑∞

k=1Mk converges to some finite M , then its partial sums are Cauchy. In
other words, ||Sn − Sm|| is bounded above by something that goes to 0 as n and m get very
large. In addition, since this does not depend on what values of the argument we pick for
our fk’s, this sequence is uniformly Cauchy, which completes the proof. �

Now that we can use the Weierstrass M-test, we will prove a result that gives us the
continuity of the limit of the above sort of series:

Theorem 2. If (fk)k∈N is a sequence of continuous functions on [a, b] that converge uniformly
to some f in [a, b], then f is continuous in [a, b].

Proof. Let (fk)k∈N be a sequence of functions that satisfy the hypotheses. Uniform conver-
gence then gives us:

(∀ε > 0)(∃N ∈ N)(∀n ≥ N)(||fn − f || < ε)

Since fn is continuous for all n ∈ N, fixing x0 ∈ [a, b], continuity gives us for x ∈ [a, b]:

(∀ε > 0)(∃δ > 0(|x− x0| < δ ⇒ |f(x)− f(x0)| < ε)

Now, fix an ε > 0 and let x ∈ [a, b]. Pick N ∈ N to be a witness to uniform convergence of
(fk)k∈N for ε/3, and pick δ > 0 to be a witness for continuity at x of fn for ε/3. Now, fix
x0 ∈ [a, b] within δ of x and pick n > N , and by the triangle inequality we have:

|f(x)− f(x0)| ≤ |f(x)− fn(x)|+ |fn(x)− fn(x0)|+ |fn(x0)− f(x0)|
We see that |f(x) − fn(x)| and |fn(x0) − f(x0)| are at most ||f − fn|| < ε/3 by uniform
convergence. In addition, |fn(x)− fn(x0)| is at most ε/3 by continuity, and thus, we have:

|f(x)− f(x0)| <
ε

3
+
ε

3
+
ε

3
= ε

Thus, f is continuous. �

2All of the results in this paragraph can be found in [1].
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The above theorem allows us to draw the desired corollary:

Corollary 1. If (fk)k∈N is a sequence of functions in C0([a, b]) and
∑
fk converges uniformly

to f in [a, b], then f ∈ C0([a, b]).

Now, note that our project is to prove that a particular function is continuous and nowhere
differentiable. We have results about continuity, so it would be appropriate that we would
need a result about differentiability:

Theorem 3. Let a < an < x < bn < b for all n ∈ N and assume (an)n∈N and (bn)n∈N both
converge to x. If f : [a, b]→ R is a continuous function and f ′(x) exists, then:

lim
n→∞

f(bn)− f(an)

bn − an
= f ′(x)

For a proof, see [2]

We now have the necessary tools to tackle what we set out to do.

3. Faber’s Function

Now, as the title seems to indicate, there is more than one continuous and nowhere dif-
ferentiable function that was constructed by Faber. However, the proof that they have the
desired properties is quite similar, so we will only consider one such function here, given by:

F (x) =
∞∑
k=1

1

k!
inf
m∈Z
|2k!x−m|

Faber originally showed that this function was continuous and nowhere differentiable via
a largely geometric construction. The idea was basically to superpose a load of piecewise
linear function which is analytically expressed by the above series. Unfortunately, we will not
be tackling the construction of these functions here and will only prove the this particular
function has the desired properties.

Theorem 4. F is continuous on [0,1], but has no finite derivative in that same interval.

Proof. First we will show that F is continuous, which is relatively simple.

We begin by noting that infm∈Z |2k!x−m| is bounded above by 1/2. The idea is that, for
any real, we can find some integer that is within at most 1/2 of that real. Thus, we see that,
for each k ∈ N:

|| 1
k!

( inf
m∈Z
|2k!x−m|)|| ≤ 1

2k!

Now, since
∑

1/(2k!) converges, we can use the Weierstrass M-test and Corollary 1 to se
that F is in fact continuous on [0, 1].

Next, we will show that F has no finite derivative at any point. So, let x ∈ [0, 1] be
arbitrary and assume, contrary to the claim, that F ′(x) exists. Now, we will construct two
sequences (un)n∈N and (vn)n∈N such that un ≤ x ≤ vn for all n ∈ N and both sequences
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converge to x. Using these sequences, and since F ′(x) exists, we will use Theorem 3 to reach
a contradiction via:

lim
n→∞

F (vn)− F (un)

vn − un
= F ′(x)

To begin constructing these sequences, let D = {i2−n : i ∈ Z, n ∈ N} denote the set of
dyadic rationals. Also, for sake of readablity, let φ(x) = infm∈Z |x −m|. If u ∈ D is of the
form 1/2n, then for every integer k! ≥ n, 2k!u ∈ Z, and since φ(z) = 0 for an integer z, we
have:

F (u) =
∑
k!<n

1

k!
φ(2k!u)

Now, let un = (i− 1)2−n and vn = i2−n be successive dyadic rationals such that un ≤ x <
vn. So, at this point we have:

F (vn)− F (un)

vn − un
=

∑
k!<n

1

k!

φ(2k!vn)− φ(2k!un)

vn − un

Next, we note that vn− un = i2−n− (i− 1)2−n = 2−n, and so φ(x) is linear on [2k!un, 2
k!vn].

Thus, by the Mean Value Theorem, for 0 ≤ k! < n we have:

1

k!

φ(2k!vn)− φ(2k!un)

vn − un
= ±2k!

k!

However, k! is bounded above by n, and therefore, as n→∞, the quotient on the right goes
to ±∞. Since Theorem 3 gives us:

lim
n→∞

F (vn)− F (un)

vn − un
=

∑
k!<n

±2k!

k!

and the sum on the right clearly does not converge as n goes to infinity, we can conclude that
F ′(x) does not exist. However, since x was chosen arbitrarliy in [0, 1] which is the interval
where we defined F , we see that F is in fact differentiable nowhere on its domain. �

Given how mysterious these functions seem at first glance, the proof that it is continuous
and nowhere differentiable is deceptively easy to understand. However, that does not take
away from the fact that these functions are also quite fantastic. We have seen an example
of the infinite series construction of such a function, but there are very geometric ones such
as the Koch Snowflake. The entire construction is based on equilateral triangles. On the
other hand, Lynch constructed a function entirely using topology. This so-called pathology
has given rise to a fair amount of beautiful mathematics.
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