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The Quaternions and Octonions have a storied history, one with a restless
supporter, and the other shrouded by conflict. Before we get into the history of these two
algebras, it is worth noting that the quaternions and octonions are simply normed
divisions of algebra that work within the confines of the complex numbers in multiple
dimensions. William Rowan Hamilton discovered the quaternions in quite the
complicated fashion. He had previously discovered the way to work in the complex
numbers and solve equations in two dimensions that involved the use of i = −1 (Joyce).
Hamilton then went to work on trying to solve equations in three dimensions, but could

€
not figure out an algebra that would allow him to divide and multiply
in a convenient
fashion. But then inspiration struck, “while walking with his wife along the Royal Canal
to a meeting of the Royal Irish Academy in Dublin, he made his momentous discovery…
and in a famous act of mathematical vandalism he carved these equations into the stone
of the Brougham Bridge: i 2 = j 2 = k 2 = ijk = −1 ” (Baez).
These equations became the basis for the quaternions, and later the octonions. The

€
reason that Hamilton
was so excited was that he realized that he could use these 4dimensional equations to work in 3-dimensional space. In other words, since he couldn’t
figure out a way to divide and multiply in triplets, he moved up a dimension and realized
that he could use the higher dimension to work in the lower one. Hamilton immediately
wrote to a good friend John Graves, who would later develop the octonions. However,
Graves could not get his work published without help from Hamilton due to Hamilton’s
connections to journals. Unfortunately Hamilton put off speaking on behalf of Graves
too long, and another mathematician by the name of Cayley found the octonions and
published a paper on them. Although Graves sent letters saying he had know of them for
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some time, the Octonions became known as Cayley numbers in some circles (Baez). The
octonions were ahead of their time, having more uses in quantum mechanics than in
everyday life, but the quaternions gained great favor until the introduction of vector
analysis, since the quaternions can be written as vectors.
Now we will get into the meat of these two groups, but I will take them one at a
time, and in reality will spend more time developing the quaternions than I will the
octonions because octonions are composed of quaternions (more on this later). We will
begin in the logical place, and that is with the quaternions, and their essential units. As
stated above the quaternions are composed of essential units i, j, k, and -1, such that the
equation i 2 = j 2 = k 2 = ijk = −1 is satisfied. From this equation we can easily get the
other base equations for the quaternion group (H). Take the following derivations (note:

€pre-compose means to multiply on the left, while post means on the right):
i 2 = ijk
Pre-compose both sides by i−1 to get

€

i = jk

€
By post-composing by k and then dividing by -1 we get
€

−ik = j

Then we can pre-compose by i to get
€

k = ij

We can easily follow more of these steps and using the above identities to get the
following equations as well:
ki = j

€

€

€
ji = −k

kj = −i

€

€

ik = − j
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These are all fine equations, but the real importance of the quaternions is in their
applications. First is the general from of a quaternion: a + bi + cj + dk , where a, b, c, d
are elements of the real numbers. It is worth noting again that a quaternion is simply
another expression of a complex number. In €
fact a quaternion is and element of C 2 .
Proof:
Take the quaternion a + bi + cj + dk . Then we have the following:

€

a + bi + cj + dk = a + bi + j(c − di) by factoring and the identity ji = −k
€
€

Then we can write,
€

z + jw

€

where z = a + bi and w = c − dk
€ written as a pair of complex numbers (Toth, 309).
Thus the quaternion has been

€
€
When we multiply quaternions
it is well defined in several ways. The first is that it is
associative, but by no means is it commutative (seen in the fact that ij ≠ ji ) , the
quaternions commute with the real numbers (this comes out of the fact that a quaternion
€ a real number becomes a
can be thought of as a vector of complex numbers, and then

scalar), and finally a quaternion product is well defined in the basic from a + bi + cj + dk .
We take the basic quaternions q1 = a1 + b1i + c1 j + d1k , and q2 = a2 + b2i + c 2 j + d2 k . Their
product then becomes:

€

(a€1a2 − b1b2 − c1c 2 − d1d2 ) + (a1€
b2 + b1a2 + c1d2 − d1c 2 )i
+(a1c 2 − b1d2 + c1a2 + d1b2 ) j + (a1d2 + b1c 2 − c1b2 + d1a2 )k
€ above expression we note that again we have a quaternion showing that
And in the
€ multiplication is closed (Conway and Smith, 19).
quaternion
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We write a general quaternion as q where q= a + bi + cj + dk , and also note that
this makes the conjugate of q, q = a − bi − cj − dk . We can note that the dot product has a
€

form in H,
€

q1 ⋅ q2 =

q1q2 + q2q1
2

Toth provides a short proof of this but it doesn’t seem necessary for the clarity of this
€
2
paper (Toth, 309). We then can see that if q1 = q2 , we have that q = q ⋅ q = qq and we

can achieve the equation q−1 =

q
. So we now have developed a way to write individual
2
q€
€

quaternions as pairs of complex numbers, we have an equation for the dot product, and
€ a quaternion. Now with one more aspect we can delve into Euler’s
for the inverse of

celebrated four squares identity. This missing fact is that the norm of a product of
2

quaternions is equal to the product of the norms. To check this we’ll use q1q2 . We first
see that,
2

q1q2 = q1q2 q1q2 From the definition

€

Then by using the identity q1q2 = q2 q1 (Toth 309) we get
€

q1q2 q1q2 = q1q2 q2 q1

€
2
And then we slyly recombine terms and use the fact that q2 is a real number and real
€
numbers commute with quaternions to get the following string of equations,
€ 2
2
2
2
q1q2 q2 q1 = q1 q2 q1 = q1 q1 q2 = q1 q2

Now we can attack Euler’s four squares identity.
Proof:

€

It is introduced simply enough as a challenge to find the identity of:
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(a12 + b12 + c12 + d12 )(a22 + b22 + c 22 + d22 )
Now we take each expression and define them as
2
2
€ 2
(a1 + b12 + c12 + d12 ) = q1 and (a22 + b22 + c 22 + d22 ) = q2

So that our expression becomes,
€

€

2

q1 q2

2

2

Which we showed above as equal to q1q2 and we know the product of general
€
quaternions, resulting in the final product

| (a1a2 − b1b2 −€c1c 2 − d1d2 ) + (a1b2 + b1a2 + c1d2 − d1c 2 )
+(a1c 2 − b1d2 + c1a2 + d1b2 ) + (a1d2 + b1c 2 − c1b2 + d1a2 ) | 2
€
€

Which simply becomes,
€
(a1a2 − b1b2 − c1c 2 − d1d2 ) + (a1b2 + b1a2 + c1d2 − d1c 2 )
+(a1c 2 − b1d2 + c1a2 + d1b2 ) + (a1d2 + b1c 2 − c1b2 + d1a2 ) .

€
Our next challenge is that we want the ability to take integrals and work with
€
number theory
in quaternions. To do this we use what are called the Hurwitz integral

quaternions. These are simple quaternions whose real coefficients are elements of Z or

1
Z + . Now I won’t go into much detail on these quaternions, and there is much here, a
2
good section on this is written by Conway and Smith starting on page 55, but we must

€

press on into the octonions. The last piece that I will leave the reader with on quaternions
is that these wonderful devices have incredible uses in the world of quantum physics,
geometry, computer programming, cryptography, vector analysis, number theory, some
interesting uses that apply to the Rubik’s cube, and much, much more. To find more
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about them, visiting the site of John Baez can, be helpful, along with the sources listed at
the end of this paper.
As with most things that humans create, immediately after it is found, someone
tries to make it bigger. This was the case with the quaternions. As soon as Hamilton told
Graves about them, Graves revealed that he had been working on an eight-division
algebra! He found them and called them the octaves, but that eventually became the
octonions. The octonions are defined much similar to the quaternions, but since Conway
and Smith are so elegant with their exposition, I’ll relinquish to them the honors:
“The octonions are formal expressions
x∞ + x 0i0 + x1i1 + x 2i2 + x 3i3 + x 4 i4 + x 5i5 + x 6i6

( x t real), which constitute the algebra over the reals generated by the units
€

i0 ,...,i6 that satisfy

€

in2 = −1 and

€

in +1in +2 = in +4 = −in +2in +1

€ i i = i = −i i
n +2 n +4
n +1
n +4 n +2
€

in +4 in +1 = in +2 = −in +1in +4

€
(where the subscripts
run modulo 7)” (Conway and Smith, 65)
€ calculations within the octonions, it is worth the time to step
Before we get into

back and glean a little bit of information before we delve in. First, the octonions are
comprised of quaternion pairs (in fact in the exact way that a quaternion is comprised of a
complex pair). Next, is that since the quaternions are not commutative, and they
comprise the octonions, it is clear that the octonions are not commutative, but they are
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also not associative. To get around this many “laws” have been discovered to counteract
this in different ways, and sometimes resulting in a type of associativity.
First, we’ll look at Hurwit’s celebrated theorem that states that R, C, H, and O are
the only composition algebras. To accomplish this, several lemmas are required, each
building on the previous, however as this is a brief look at the octonions, I will be giving
the lemmas as facts and will reference those who wish to see a complete set of proofs to
page 71 of On Quaternions and Octonions as I don’t have the time to spell out all of the
notation and multiplication values the proofs use. I’ll preface these statements with the
fact that |Z|=2|Y|=4|X|=8|W|, in other words, each group doubles to the next (here
doubling is a Dickson double where you obtain an algebra by doubling another algebra’s
smallest subalgebra).
Lemma 1:
Z is a composition algebra just when Y is an associative composition algebra.
Lemma 2:
Y is an associative composition algebra just when X is a commutative, associative
composition algebra.
Lemma 3:
X is a commutative, associative composition algebra just when W is a
commutative, associative composition algebra with a trivial conjugation. (Conway and
Smith 71)

Theorem: R, C, H, and O are the only composition algebras.
Proof:
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R is an associative, commutative, composition algebra (clearly) with a trivial conjugation
(a+b conjugated is a+b), thus C is a commutative, associative composition algebra by
lemma 3, but C does not have a trivial conjugation (a+bi conjugated is a-bi). By lemma 2
then H is an associative composition algebra, however it is not commutative. This leads
finally to O, which by lemma 1, is a composition algebra that in non-commutative, nonassociative, and does not have a trivial conjugation. Since O is none of the
aforementioned it’s double cannot be a composition algebra.

It is interesting to note that since the octonions are comprised of quaternions, any algebra
generated by two octonions is associative because it is actually a pair of quaternions
(Conway and Smith 77). Speaking of quaternions, part of this paper was leading up to
the proof of Euler’s 4-squares identity, and in fact the identity progresses to the 8-square
identity, and is proved in much the same fashion as the 4-squares identity (just using
octonions).
Proof:

(a12 + b12 + c12 + d12 + e12 + f12 + g12 + h12 )(a22 + b22 + c 22 + d22 + e22 + f 22 + g22 + h22 )
Now we take each expression and define them as

€

2

(a12 + b12 + c12 + d12 + e12 + f12 + g12 + h12 ) = P1 and
(a22 + b22 + c 22 + d22 + e22 + f 22 + g22 + h22 ) = P2
€

2

where P is an octonion. Now our expression becomes
€

2

P1 P2

2

Which is simply
€

€

P1P2

2
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Now we haven’t defined the product for a general octonion, but it is not much different
from that of a quaternion, so the result is (without mindless calculations),

(a1a2 − b1b2 − c1c 2 − d1d2 − e1e2 − f1 f 2 − g1g2 − h1h2 ) 2
+(a1b2 + b1a2 + c1e2 + d1h2 + f1g2 − e1c 2 − h1d2 − g1 f 2 ) 2
+(a1c 2 + c1a2 + d1 f 2 + e1b2 + g1h2 − f1d2 − b1e2 − h1g2 ) 2
+(a1d2 + d1a2 + e1g2 + f1c 2 + h1b2 − g1e2 − c1 f 2 − b1h2 ) 2
+(a1e2 + e1a2 + f1h2 + g1d2 + b1c 2 − h1 f 2 − d1g2 − c1b2 ) 2
+(a1 f 2 + f1a2 + g1b2 + h1e2 + c1d2 − b1g2 − e1h2 − d1c 2 ) 2
+(a1g2 + g1a2 + h1c 2 + b1 f 2 + d1e2 − c1h2 − f1b2 − e1d2 ) 2
+(a1h2 + h1a2 + b1d2 + c1g2 + e1 f 2 − d1b2 − g1c 2 − f1e2 ) 2
With this result one must wonder if this type of calculation can be performed for every

€ and in fact a mathematician named Pfister proved that any N-square is the
2 n identity,
product of a pair of N squares sums (Conway and Smith, 78).
€

While there are many things that can be said about the octonions, most of them
have to deal with high dimension algebra, quantum string theory, and intricate geometry.
When the octonions were discovered by Graves, he had no idea what their uses could be,
and in fact until physicists began to study string theory and the idea that a quark had spin
and flavor, there was little use for the octonions, and as such they were disregarded as an
unimportant fact. And as with the quaternions, people often prefer to work in vector
spaces, than in the use of octonions, because things are well defined in those cases.
In conclusion, the octonions and quaternions are detailed fields of mathematics
full of possibilities, and I’m sure future relations to the quantum mechanics that hold out
life together. They are two of the four composite algebras, and (with a pre-recorded
multiplication table) can be extremely useful in discovering the N-square identities in
mathematics. The final pages are some diagrams to help the reader better understand
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some of the multiplication of the quaternions and octonions (here multiplying means
going along a curve or a line).

This is a multiplication table, and flow diagram of the quaternions (left) and octonions
(right). To read the table as quaternions read only e1 through e3 and let e1 = i , e2 = j , and
e3 = k . ("Francis’ World Inside Out")
€
€

€

€

€
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